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MONOTONOCITY

DEFINITIONS

The function f(x) is called strictly increasing on the open interval (a, b) if for any two points x, and x,
belonging to the indicated interval and satisfying the inequality x; < x, the inequality f(x,) < f(x,)
holds true.

The function f(x) is called strictly decreasing on the open interval (a, b) if for any points x, and x,
belonging to the indicated interval and satisfying the inequality x; < x, the inequality f(x;) > f(x,)
holds true.

A function f is said to be non-decreasing in an interval I contained in the domain of f

If f(x,) < f(x,) whenever x, < x, for all numbers x,, x, in I.

If f(x,) < f(x,) whenever x,; < x, for all numbers x,, X, in 1,

then fis said to be strictly increasing in the interval I. Non-increasing and strictly decreasing functions
are defined in a similar way. If f is strictly increasing in I, then the graph of f is rising as we traverse it
from left to right; if f is strictly decreasing in I, the graph of fis falling in I. Some examples are show in

Figure.
YA Y4 Y.
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N
H.
a b X a b X a b X
Strictly decreasing in [a, b] Non-decreasing in [a, b] Non-increasing in [a, b]

Figure
If a function f is either non-decreasing in an interval I or non-increasing in I, then f is said to be
monotonic in I. Similarly, f is said to be strictly monotonic in I if f is either strictly increasing in I or
strictly decreasing in I.

BASIC DEFINITION TEST :
The function f(x) is said to be strictly increasing at a point x, if for a sufficiently small h > 0 the

condition (Fig. 1) f(x, — h) < f(xy) < f(x, + h) is fulfilled.
The function f(x) is said to be strictly decreasing at a point X, if for a sufficiently small h > 0 the
condition (Fig. 2) f(xq — h) > f(x,) > f(x, + h) is fulfilled.

Y, Y,

f(x,-h)l f(x,) |f(x,+h)
I
o]l X-h X, X, +h X 0 Xy X
Fig.1
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Ex.1

Sol.

Ex.2

Sol.

A differentiable function is called increasing in an interval (a, b) if it is increasing at every point within
the interval (but not necessarily at the end points). A function decreasing in an interval (a, b) is
similarly defined.

SUFFICIENCY TEST:
If the derivative function f’(x) in an interval (a,b) is every where positive, then the function f(x)
in this interval is Increasing ; If f'(x) is every where negative, then f(x) is Decreasing.

Note : The test (criterion) also holds true when the derivative takes on zero values in the interval (a,
b) solong as f(x) does not identically become zero throughout the interval (a, b) orin some interval
(a’, b") comprising a part of (a, b). The function f (x) would be a constant on such an interval.

If f'(a) = 0 then examine the sign of f'(a*) and f'(a”)

(a) If f'(a*) > 0 and f'(a~) > 0 then strictly increasing

(b) If f'(a*) < 0 and f'(a”) < 0 then strictly decreasing

Note : If a function is invertible it has to be either increasing or decreasing.
If a function is continuous in the intervals in which it rises and falls may be separated by points at
which its derivative is zero or it fails to exist.

CRITICAL POINT

A critical point of a function f is a number c in the domain of f such the either f'(c) = 0 or f'(c) does not exist.
Find the critical points of f(x) = x3/5 (4 - x).

3(4-x)
5 2/5

3(4-x)-5x 12-8x
5x2/°  5x2/5

— X3/5 =

Fx) = 325 (4~ x) + 505 (1) =

3
Therefore, f'(x) = 0if 12 - 8x =0, thatis, x = o and f'(x) does not exist when x = 0.

3
Thus, the critical points are E and 0.

Find the critical numbers for the function f(x) = 2

(x=2)e" —e’(1) _e’(x-3)
x-27  (x-2)

F(x) =

The derivative is not defined at x = 2, but f is not defined at 2 either, so x = 2 is not a critical number.
The actual critical numbers are found by solving f'(x) = 0 :

e*(x-23)

(x—2)2 =0 x = 3 This is the only critical number since e* > 0.

MoTionN:
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Ex.3 Find all possible values of the parameter 'b' for which the function,

f(x) = sin2x-8(b+2)cosx - (4b?2 + 16b + 6) x

is monotonic decreasing throughout the number line and has no critical points.

Sol. f'"(x) = 2cos2x+8(b+2)sinx - (4b>+16b + 6)
= 2(1-2sin’x) + 8(b+2)sinx - (4b>+ 16b + 6)
= -4 [sin?x-2(b+2)sinx+ (b2+4b+1)]

for monotonic decreasing and no critical points f' (x) > 0V Xx € R

Now, D= 4(b+2)?-4(Mb?>+4b+1)=4[3]=12 which is always positive .

Now let sinx=vy ; ye[-1,1]

g(y) =y?-2((Mb+2)y + (b2+4b+1)
we have to find those values of 'b' for which g(y) > 0 for all y e (-1,1)
b
Conditions areg(-1) > 0 & = %a < -1or g(l) >0 and - >1
First condition gives 1 +2(b+2) + b2+4b+1 >0
2(b+2

b2+6b+6>0 ..... (1) & T<—1orb<—3 (2)

1) & (2) = b < - (3+ \/5) Similarly second condition givesb > /3 - 1

Hence b e (—00,—(3+\/§)) v (\/5—1,00)

x? x?
Ex.4 If f(xX)= — ; g(x) = ——— where 0 <x< 1, then
2 — 2cosx 6X — 6sinx
Sol. Put x =n/6 & n/3 and observe the behavior of f(x) & g(x) . Alternatively
1| (1- cosx) 2x — x? sinx _ _
f'(x) = <= > consider =2 (1 - cos Xx) — x sinx
2 (1 - cosx)
Caer o axsin® cosX —oxsin® ek |2 cic .
= 45sin? - 2xsin > cos 5 = X sin > cos 5 % = fis increasing.
: 2
g'(x) = 1 (x = Sinx) 2 _X (21 CoSx) consider X — 2 sinX + X CosX
6 (x — sinx)
tan’
= 2xcos>x -4sinx cosx = 2xcos’x |1-— = g is decreasing.
2

Ex.5 Find possible values of a such that f(x) = e2X - (a + 1) e + 2x is strictly increasing for x < R.
Sol. f(x)=e%>-(a+1)e*+ 2x

fi(x) =2eX-(a+1)e*+2

1

Now, 2eX-(a+1)ex+2>20 VXxeR = 2[ex+?j—(a+1)20 vV xeR

(@a+1)< Z[ex+e—1xj VxeR = a+1<4 = a<3 [ e"+e—1xhasminimumvalue2j
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Ex. 6

Sol.

Ex.7
Sol.

Aliter: 2eZx-(a+1)e*+2>0VxeR
puttingeXx=1t t € (0, »)
2t2-(a+1)t+2>0 Vte (0, )
Hence either
(i) D<3 = (@a+1)2-4<0= (@+5)(@a-3)<0= ace[-5 3]
(ii) both roots are negative

b
D> - f >
0& g <0 & f0)=0
a+1
= a e (-o, -5]U[3, ) & T<O & 2>0 \
= ae (-0, -5]U[3, ) & a<-1 & aeR ~_—~ [

= ae(-» -5]
Taking union of (i) and (ii), we get a € (-, 3].

/n X
Prove that the function f(x) = v is strictly decreasing in (e, »). Hence, Prove that 303202 < 202303,

/nx n x
We have f(x) = T,x>0 Then f'(x) = 2 <0vx>e

= f(x) strictly decreases in (e, ®) Thus, we have f(303) < f(202)

/n(303) _ /n(202)
303 202

i.e. 202 ¢n (303) < 303 /n (202)
= 303202 < 202303 which is the desired result.

Let f(x) = x3 + 2x2 + x + 5. Show that f(x) has only one real root a such that [a] = -3.

We have f(x) =x3+2x2+x+5,xeR and f'(x)=3x2+4x+1=(x+1)(3x+1),xeR
Drawing the number line for f'(x), we have f(x) strictly increases in (-, —1)

strictly decreases in (-1, -1/3)

+ve -ve +ve
strictly increases in (-1/3, < I | S
rictly incr in (-1/3, «©) P 1
-1 -1 2 1 4
Also, we have f(-1) =-1+2-1+5=5andf |3 =E+§_§ +5=5_E = 4.85

The graph of f(x) (see fig.) shows that f(x) cuts the X-axis only once.

Now, we have f(-3) =-27+12-3+5=-13

and f(-2)=-84+8-2+5=3.

Which are of opposite signs. This proves that the curve cuts / _% _1/}3
the X-axis somewhere between -2 and -3.

= f(x) = 0 has a root a lying between - 2 and -3. Hence [a] = -3

v

MoTioNn

394 - Rajeev Gandhi Nagar K ota, Ph. No. 0744-2209671, 93141-87482, 93527-21564
1VRSNo. 0744-2439051, 0744-2439052, 0744-2439053, www.motioniitjee.com, email-info@motioniitjee.com

Nurturing potential through education




MONOTONOCITY Page # 43

Ex.8

Sol.

Ex.9

Sol.

n 2
a.
Find the number of real roots of the equation Z—x—lb =c whereb, <b, < ..... <b,.
i=1 i
n 2 2 2 2
i a4 a a,
i i = -C= + +ot -C
Consider the function f(x) = ;x—bi x—b, x—b, x—b,
a? aj a’

MO0 = [x=b,) T (xmb? T (xmb P <OV X SR B b

= f(x) strictly decreases in (-, b,) U (by,b,) v ...u (b,_4, b,)
Now, we have

f(=0) = —c = f()
f(b,”) = - w and f(b,*) = \
f(b,”) = - o and f(b,*) = » y=—c

.............. : o 3
by e mandf = A e

The plot of the curve y = f(x) is shown alongside.

If f: R—> R and fis a polynomial with f(x) = 0 has real and distinct roots, show that the equation,
[f"(xX)]?-f(x).f" (x) =0 cannot have real roots.
Let f(x) =c(x-x,) (X =X,) ...... (x-x.)
' 1 1 1
Again Let h(x) = L) = (—+ + e + j
f (x) X=X, X=X, X=X,

(). 7 () = [' W] 1 1 1 J
5 =_ 5+ R t—
f(x) X=%) (X=X,) (x = X,)
= h'xX)<0 = fx).f"xX)-[f"(xX)]? <0
Alternatively : a function f(x) satisfying the equation [f’' (x)]2-f(x) . f" (x) =0 is

h' (x) =

f(x) = c. € which can't have any root.

C. INTERVALS OF MONOTONOCITY
Ex.10 Find the intervals of monotonocity of the following functions :
f [x—1] b) f 2x2 f i
a) f(x) = X) = 2x?% - X c) f(x) =
(a) f(x) o (b) f(x) x| (c) f(x) < 127
1-x x-1
Sol. (@) We have f(x) = 2 , X< 1;f(x)= 2 ,X>1
df —2+1 X-2 L f 2-X ) _+ve , -ve , +ve , -Vve _
r - — —_— < . ] - — > < T T T »
an (X) X3 X2 X3 IX 7 (X) X3 12 X O 1 2
Now, from the sign scheme for f'(x), we have =  f(x) strictly increases i (-, 0)
strictly decreases in (0, 1) ; strictly increases in (1, 2) ; strictly decreases in (2, »)
Ans. : Increases in (-, 0), (1, 2); Decreases in (0, 1), (2, »)
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Ex.11

Sol.

Ex.12

Sol.

(b) We have f(x)=2x2- ¢n|x| and f'(x) = 4x ——=

X R Y

Now, from the sign scheme for f'(x), we have =  f(x) strictly decreases in (-o, -1/2)
strictly increases in (-1/2, 0) ; strictly decreases in (0, 1/2) ; strictly increases in (-1/2, »)

(101 & N B AN
Ans. : Increases in 5 I ; Decreases in o T

x3 (x* +27)(3x?) - x3(4x%)  —x*(x* -81) x*(x® +9)(x+3)(x-3)
(C) We have f(X)— )(4 427 and f(X)— (X4 3+ 27)2 (X4 o+ 27)2 = (X4 3+ 27)2
—ve +ve —ve
Now, from the sign scheme for f'(x), we have < 53 é >

= f(x) strictly decreases in (-«, =3) ; strictly increases in (-3, 3) ; strictly decreases in (3, «).
Ans : Increases in (-3, 3) ; Decreases in (-», -3), (3, »)

If f(x) = x2 e '™ jisan increasing function then (Here a > 0)

2 —x%/a? 2 _x2/a? —2X_2 x2/a? 1 )(2 Ze—lea2 ) ,
f(x) = Xe +X°€e X——=2X¢e —g — > x(a® — x?)

a a
= positive x [-1 (x + a) (x = 0) (x — a)] +ve -ve +ve -ve
f(x) is increasing when f'(x) >0i.e. xe (-, -a]u [0, a] -a 0 a ()

A function f(x) is given by the equation, x*>f'(x) + 2x f(x)-x+1=0 (x=0).Iff(1)=0,
then find the intervals of monotonocity of f.
d
™ [xX2y] = x-1 = x?y = I (x-1) dx where y = f(x)
. . . ———t — - 7 —Z -
This gives y = 2 X 22 - Find dx and solve dx >0 & dx <0

Ans.: I in (-o,0) U (1,x) ; D in (0,1)
OPERATIONS ON MONOTONOUS FUNCTIONS

I. (@) Negative : If f is an increasing function then its negative

i.e. h = —f is a decreasing function. N

By derivative By Graph ﬁcreasing

h'(x) = -f(x) - >0 - h(Xx)<O0 function

= h is a decreasing function >X

Inshort - (anincreasing function) = a decreasing function decreasing

ie. -I=D Similarly -D = I Nnction
~F

(b) Reciprocal : Reciprocal of an increasing function is a decreasing function

1
an increasing function

In short =1

1 1
= a decreasing function i.e. (i) 1= D & (ii) D

MoTioNn
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II.(a) Sum : If f is an increasing function and g is also an y h(x) = f(x) + g(x)
9(x)

increasing function their h = f + g is an increasing function. ‘/
By derivative By Graph f(x)

—

h'(x) = f'(x) + g'(x) f & g are increasing function, /
= f'(x) & g’'(x) are positive = f'(x) + g'(x) is positive //
= f(x) + g(x) increases

In short, An increasing function + An increasing function = An increasing function

i.e. i) I+I=I (i) I+ D =-cantsay (ii D+D=D

(b) Difference : Monotonocity of the difference of two function can be predicted using I(a) and II(a)
I-I=1I+(-I)=1+D =can’tsay

I-D=1+(-D)=1+1=increasing

D-I=D+ (-I) =D + D = decreasing

D-D=D+ (-D) =D + I =can’tsay

III. (a) Product: Considerh=fxg

Case I : Both the function involved in the product i.e. f & g are positive

If f & g both are increasing function then h = f x g is also an increasing function.

InshortI xI=1,1Ix D =can’tsay, D x D =D.

Case II : If any of the function takes negative values then we can predict the monotonocity by using
I(a) & case I of IlI(a). If a function f is increasing & takes negative values & another function g is
decreasing & takes positive values.

then h(x) = f(x) x g(x) = (=6(x)) X g(x) = - [ o) > g(x) ] = increasing

Decrreasing  Decrreasing

(b) Division : Monotonocity of division of two functions can be predicted by using I(b) & III(a).

I
D XB =1 xI=1 (assuming that both the functions I & D take positive values).
IV. Composition:
I 1(H=1 (I)y (b)=D (II) D(I)=D (@(V)D(D)=1
Let h(x) =D(D(x)) xincreases = D(x) decreases = D(D(x)) increases

E. INEQUALITIES
GENERAL APPROACH TO PROVE INEQUALITIES:
To prove f(x) > g(x) V x = a, we Assume h(x) = f(x) - g(x)
Find h'(x) = f(x) - g'(x)
If h'(x)=0 Apply increasing function h on x > a to get h(x) > h(a).
If h(a)>0 then h(x)>0vx>a i.e.then given inequality is true.
Ifh'(x)<0 Apply decreasing function h on x > a to get h(x) < h(a).
If h(@a)<0 then h(x)<0Vvx=>a i.e.thegiven inequality is false
Note : If the sign of h'(x) is not obvious then to determine its sign assume g(x) = h'(x) & apply
the above procedure on g(x).
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Ex.13
Sol.

Ex.14

Sol.

Ex.15

Sol.

Prove that, 2xsecx + x > 3tanx for 0 < x < w/2.
f(x) = 2x sec x + x — 3 tan x
f'(x) =2secx+ 2xsecx tanx + 1 - 3 sec®x = sec?x [2 cos x + 2x sin X + cos?x — 3]
Consider g(x) = 2 cos x + 2x sin X + cos?x — 3
g'(x) =-2sin X+ 2Xcos X + 2sin X — 2 sin X cos X = 2 cos X (x —sin x) > 0 for x € (0, n/2)

x3 n
Prove that tan x > x + ? for all x 015 .

X3
Let f(x) tan x — x - 3 ..(1)
Clearly, f(x) is defined at all x € (0, =n/2).
Now, f'(x) = sec?x — 1 x- x2 ...(2)
f'(x) = 2 sec? x . tan x - 2x ...(3)

f'(x) = 2 sec*™x + 4 sec?2 x. tan?x — 2 = 2 (1 + tan2x)2 + 4 sec2x . tanZ x — 2
= 2tan*x + 4 tan2x + 4 sec?x . tan?x > 0 for all x € (0, n/2)

= f”(x) > 0intheinterval (0, n/2) = f"(x)is monotonic increasing in (0, n/2)

f"(x) > f"(0) when x € (0, n/2).
But from (3), f’(0) = 0. Thus, f"(x) > 0 for all x € (0, n/2)

f'(x) is monotonic increasing in (0, ©/2) f'(x) > f'(0) when x € (0, n/2)
But from (2), f(0)=1-1-0=0.
Thus, f'(x) > 0 for all x € (0, ©/2)

f(x) is monotonic increasing in (0, n/2) f(x) > f(0) when x € (0, n/2)
But from (1), f(0) = 0.

X3

Thus, f(x) > 0 for all x € (0, n/2) tan x - x = 3 > 0 for all x € (0, n/2)

3
X
or tanx > x + 3 for all x € (0, n/2)

Show that 1+ xlog (X + 4/x2 +1) 2 414 x2 forallx=0.

Let f(x) = 1 +xlog (X + \/x2 +1) = 41+ x2

X 1.(2x) NNc ~A2x)
1 () = lo 1).1-
Fia = [x+\/x2+1] i +2\/x +J+ IO+ 241+ x?

X x?+1+x
or f(x)= - +log(x +Vx* +1)—
(x+\/x +1)| 2\/x +1 1+x?
1) — +log(x + Vx? +1) - ) = — 2
or f(x)= \/ﬁ 1+ 2 or f(x) log (x +/x% +1)
we know x >0 so, log (x+4/x*+1) 20 = f(x)=0 orf(x)isincreasing for x>0
Since, f(x) is increasing for, x>0= f(x)=f(0)

= 1+xl0g (x+Vx2+1) — 11x2 21+0-J1 = 1+xlog (x+ ,x21121:x2 , forx=0.

MoTion::
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_ o ) i sinxtanx 0"
Ex.16 Examine which is greater sin x tan x or x2. Hence evaluate X'_rg —xz , where x e S

Sol. Let f(x) = sin x . tan x — x2
f(x) = cos x . tan x + sin x . sec?x - 2x = sin X + sin x sec? x - 2x
= f"(X) = cos x + cos x sec? X + 2 sec?x sin x tan x - 2
= f"(x) = (cos x + sec x — 2) + 2 sec? x sin x tan X

Y
Now cos X + sec X — 2 = (4/cosx —+/sec x)? and 2 sec? x tan x . sin x > 0 because x e [Oij

= f'(x)>0 = f(x)isM.L Hence f/(x) > f/(0)
= f(x)>0 = f(x)is M.L = f(x)>0 = sinxtanx-x2>0
) sinxtanx i sinxtanx
Hence  sin x tan x - x2 > @ —— — >1 = Mm-———1=1
X x—0 X
X
Ex.17 Prove : 1 + cot x < cot 5 v x e (0, n)
X
Sol. Consider the function f(x) = cot o)~ 1 -cotx, x €(0, n)
enf(x) = — csc? |5 CcsC? X = — - = -
2 2 sin?x  2sin?(x/2) = 2sin®(x /2)| 2cos?(x / 2)
_ —COS X —COS X
4Sin2(X/2)COSZ(X/2) = ein? x <0Vxe(0,n/2) >0VXe(n/2,n)

= f(x) strictly decreases in (0, n/2) strictly increases in (n/2, )
= f(x) has least value at x = n/2 = f(x)=2f(x/2) =0

X
i.e. cot[aj >1 4+ cot x which proves the desired result.

2
1
% , x>0. Hence, show that the function f(x)= (1+ ;] strictly increases in (0, «).

Ex.18 Prove that fn[1+ 1) >
X 1-x

. . 1
Sol. Consider the fucntion agx) = én[1+ —j > 1 v x > 0.
X - X
Then (x) LS -t 1 "L huxso0
"(xX) = = = X
g L @07 x@x) @ex)? X+
X
. 1 1

= g(x) strictly decreases in (0, ©) =  g(x) > X'ﬂ]og(x) =0 j.e fn 1+; >x_+1 ..(1)

which gives the desired result.
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Ex.19

Sol.

Ex.20

Sol.

LV 1) 1 1YY 1
Now, we have f(x) = (1+;] ,x>0and f(x) = £1+;j €n£1+;j+ X£1+;j (_2]

1Y 1 1
= [1+;J {fn[1+;J—m} >0V x>0 [using result (1)] = f(x) strictly increases in (0, )

T
Prove that sin x tan x > X2V x e [OEJ

Let f(x) =sinxtanx-x> =  f(x) = sin x sec?x + sin x - 2X
= f"(x) =2sin xsec?xtan x + cos x — 2 + sec x

T
=25inxtanxsec2x+(cosx+secx—2)>0VXG[O’EJ

= f'(x) is an increasing function. = f'(x) > f(0) =>sinxsec?x +sinx-2x>0
= f(x) is an increasing function = f(x) > f(0) sin xtan x - x2 > 0 = sin x tan x > x2.

Prove that sin 1 > cos (sin 1). Also show that the equation sin (cos (sin x)) = cos (sin (cos x)) has only

T
one solution in O’E .
T o n—2
sin 1 > cos (sin 1) if cos E_l >cos(sinl) = Iif 5 1<sinl = ifsinl>|—5 | ...(1)

T 1
. S sin ©> ' . . S . '
and sin 1 > sin RENCY Hence (1) is true = sinl>cos(sin1)

Now let f(x) = sin (cos (sin x)) — cos (sin (cos x))

Y T
= ff((xX)<0Vxe 015 = f(x) is decreasing in O'E

2

and f(0) =sin1 -cos (sin1) >0 f(ﬁj =sin(cos(1))-1>0

T T
Since f(0) is positive and f[aj is negative. f(x) = 0 has one solution in {OE} .

MoTionN:
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Ex.21 Using calculus establish the inequality, (x® + y°)¥* < (x2 + y?)¥2 , where x>0,y >0 and b>a>0.

b b a Va
X
Sol. (X*+y°)¥P < (x®@+y2)e = {(3} +1J < [(;} +1J [ - y>01]
or TPT  (t+1) < t +1 [§=t>0]

a b %—1
Let f() = (P+1)P -t -1 = () = (t +1) . btt-1 - at-t
a 1 %_1
-1
= f'(t) = ato-! [tba (tb+1)B —1} = ate-t [(l-’_t_b) —1]

a_1
a 1)\b
-1 <0 therefore l+t—b <1

1
Now since 1+t_b > 1 & E

Hence f'(t) <0 i.e. f(t) is decreasing function
So f(t) < f(0) but f(0) =0 = P+ 1) < t2 + 1 Hence proved

1 1 sinmx) 5
Ex.22 If 1/6 < x < 5/6, then 5 <3 x +2_n_ " <E' This statement is true or false.

1 sinnx
Sol. Considerf(x)=3|X+t5-—

o < j Now, f(x) =3(1-cosnx)>0Vxe(1/6,5/6)

1
Applying the increasing function f on the given inequality E< X <€

1 5 1
we get f 5 <f(x)<f 5 i.e. > < f(x) <5/2 Hence, the statement is true.

Ex.23 Prove that the function f(x) = 2x3 + 21x2 - 60x + 41 is strictly positive in the interval (-«, 1).
Sol. f(x)=-2x3+21x2-60x + 41
fi(x) = -6x2+42x-60=-6(x2-7x+ 10) = -6(x - 5) (x - 2)
The sign-scheme for x2 - 7x + 10, x € R is as follows :
xe(2,5) = f(x)>0,i.e., f(x)is m.i.
andx ¢ (2,5) = f(x)<0i.e., f(x)is m.d. X e (-0, 1)= f(x) ism.d.
When X € (-, 1), X < 1; so, f(x) > f(1).
But f(1) = -2 + 21 - 60 + 41 = 0.

A
V

Xe (-0, 1) f(xX)>f(1)=0 . f(x) is strictly positive in the interval (-, 1).
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F.

Ex.24
Sol.

ROLLE’'S THEOREM

Let f be a function that satisfies the following three hypotheses :

1. fis continuous on the closed interval [a, b].

2. fis differentiable on the open interval (a, b).

3. f(a) = f(b)

Then there is a number c in (a, b) such that f'(c) = 0

Before given the proof let’s take a look at the graphs of some typical functions that satisfy the three

hypotheses. Figure 1 shows the graph of four such functions. In each case it appears that there is at
least one point (¢, f(c)) on the graph where the tangent is horizontal and therefore f'(c) = 0. Thus,

Rolle’s Theorem is plausible.

y

4/ 4

> <
> <

Figure 1
Proof : There are three cases :
Casel: f(x) = k, a constant. Then f'(x) = 0, so the number c can taken to be any number in (a, b).
Case Il : f(x) > f(a) for some x in (a, b) [as in Figure 1(b) or (c)]
By the Extreme Value Theorem (which we can apply by hypothesis 1), f has a maximum value somewhere
in [a, b]. Since f(a) = f(b), it must attain this maximum value at a number c in the open interval (a, b).
Then f has a local maximum at ¢ and, by hypothesis 2, f is differentiable at c. Therefore, f'(c) = 0 by
Fermat’s Theorem.

Caselll:

By the Extreme Value Theorem, f has minimum value in [a, b] and, since f(a) = f(b), it attains this
minimum value at a number cin (a, b). Again f'(¢) = 0 by Fermat’s Theorem.

f(x) < f(a) for some x in (a, b) [as in Figure 1(c) or (d)]

Prove that the equation x3 + x - 1 = 0 has exactly one real root.

First we use the Intermediate Value Theorem to show that a root exists. Let f(x) = x3 + x - 1. Then
f(0) = -1 < 0and f(1) =1 > 0. Since f is a polynomial, it is continuous, so the Intermediate Value
Theorem states that there is a number c between 0 and 1 such that f(c) = 0. Thus, the given equation
has a root.

To show that the equation has no other real root, we use Rolle’s Theorem and argue by contradiction.
Suppose that it had two roots a and b. Then f(a) = 0 = f(b) and, since f is a polynomial, it is
differentiable on (a, b) and continuous on [a, b]. Thus, by Rolle’s Theorem, there is a humber ¢
between a and b such that f'(c) = 0. But f'(x) = 3x2+1>1 forall x

(since x2 > 0) so f'(x) can never be 0. This gives a contradiction. Therefore, the equation can’t have
two real roots.

MoTionN:
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Ex.25 Let f(x) & g(x) be differentiable for 0 <x <1, such thatf (0) =2, g (0) =0, f(1) = 6. Let there exist
a real number cin [0, 1] such thatf’ (c) = 2 g’ (c), then the value of g (1)

Sol. Consider ¢ (x) = f(x) - 2g (x) defined on [0, 1] since f(x) and g(x) are differentiable for 0 < x <1,
therefore ¢ (x) is differentiable on (0, 1) and continuous on [0, 1]

2 $(0)=f(0)-29(0)=2-0=2 ¢ (1) =f(1)-2g(1) =6-29(1)
Now f’' (x) =f"(x) -29g’ (X) =¢'(c)=f"(c)-2g’ (x) =0 (given)
= f(x) satisfies Rolle's theorem on [0, 1] .. $(0) = ¢ (1) =2-6-2g(1) =g(l)=2

Our main use of Rolle’s Theorem is in proving the following important theorem, which was first stated by
another French mathematician, Joseph-Louis Lagrange.

Ex.26 If f(x) is continuous in [a, b] and differentiable in (a, b), prove that there is atleast one ¢ <(a, b), such

f'(c) f(b)-f(a)
3c2  p®-ad

that

Sol. Let us consider a function,h(x) = f(x) - f(a) + A (x3 - a3)
Where A is obtained from the relation h(b) = 0.
So that, 0 = h(b) = f(b) - f(a) + A(b® - a3) (1)
also, h(a) =0
Since, (1) h(x) is continuous in [a, b] (2) h(x) is differentiable in (a, b) and (3) h(a) = 0 = h(b)
hence, all the three condition of Rolle’s theorem. Then there must exists a'c’ € (a, b) such that f'(¢) = 0.

, f(b)-f(a) o f'(c) _ f(b)-f(a)
b® _a° {using (i)} = 3c2 pi_a’

= f(c)+A((3c?)=0 or f(c) =3c

G. THE MEAN VALUE THEOREM

Let f be a function that satisfies the following hypotheses :
1. fis continuous on the closed interval [a, b].

2. fis differentiable on the open interval (a, b).

Then there is a number c in (a, b) such that

@ f(c)=

fb)~f(a) or, equivalently,
b-a
(Ix) f(b) - f(a) = f'(c)(b - a)
Before proving this theorem, we can see that it is reasonable by interpreting it geometrically.
Figures (a) and (b) show that points A(a, f(a)) and B(b(b, f(b)) on the graphs of two differentiable
functions. The slope of the secant line AB is
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(III) m,, =

_ f(b)-f(a)
b-a

which is the same expression as on the
right side of Equation 1. Since f'(c) is
the slope of the tangent line at the point
(c, f(c)), the Mean Value Theorem, in
the form given by Equation 1, says that :
there is at least one point P(c, f(c)) on :
the graph where the slope of the : B(b, f(b)z( !
tangent line is the same as the slope of 0] a c b~ o a ¢
the secant line AB. In other words, there (@) (b)
is a point P where the tangent line is

parallel to the secant line AB.

5><

Ala, f(a))

Proof We apply Rolle’s Theorem to a new function h defined as y
the difference between f and the function whose graph is the Y =X
secant line AB. Using Equation 3, we see that the equation of
the line AB can be written as

y—f(x)=%(x—a) orasy=f(a)+%(x—a) \

o
X

(IV) h(x) =f(x) -f(a) ~——— a) f(a) +M(x—a)

f(b) —f(a)
b-a (x =

First we must verify that h satisfies the three hypotheses of Rolle’s Theorem.

1.

The function h is continuous on [a, b] because it is the sum of f and a first-degree polynomial,
both of which are continuous.

The function h is differentiable on (a, b) because both f and the first-degree polynomial are
differentiable. In fact we can compute h’ directly from Equation 4 :

f(b)—f(a)
h'(x) = f(x)- T b_a (Note that f(a) and [f(b) - f(a)]/(b — a) are constants.)
f(b) - f(a) f(b) —f(a)

h(a) = f(a) - f(a) -

b_a (a-a)=0 h(b) = f(b) - f(a) T h_a (b-a)

= f(b) - f(a) - [f(b) - f(a)] = 0 Therefore, h(a) = h(b)

Since h satisfies the hypotheses of Rolle’s Theorem, that theorem says there is a number c in
(a, b) such that h’(c) = 0. Therefore

0 = h'(c) = f(c) - —f(bg:;(a) andso  f(c) = —f(bg:;(a)

MoTion
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Ex.27 To illustrate the Mean Value Theorem with a specific function, let’s consider f(x) = x3 - x, a= 0,

Sol.

Ex.28

Sol.

b = 2. since fis a polynomial, it is continuous and differentiable for X, so it is certainly continuous on

[0, 2] and differentiable on (0, 2) such that f(2) - f(0) = f/(c)(2 - 0) y
Now f(2) = 6, f(0) = 0, and f'(x) 3x2 - 1, so this equation becomes ¥ =X x
6=(3c2-1)2 = 6c2 - 2 5
L 4 .
which gives c2 = 3 thais, c =+ 2/./3.
0
But c must lie in (0, 2), so c = 2/./3. 3 x
The tangent line at this value of c is parallel to the secant line OB. Figure

If f'(x) = for all x and f(0) = 0, show that 0.4 < f(2) < 2

1+ x?
Given f'(x) = 1+ %2 for all x ...(1)
f(x)>O0forallx [+ 1+ x2>0]
Also given f(0) = 0 ..(2)

From (1), it follows that f(x) is differentiable at all x, therefore f(x) is also continuous at all x
by Lagrange’s mean value theorem in [0, 2]

fA=1O) iy 1 whereo<c<2 op 201 f(2) = 3
2o M@= gz, where0<c o T30 1+c2 O @)= +(3)
N 0 2 2 < 2 2 2 4
ow 0<c< 1 e? 1202 or 1102 <2 ..(4)
d 2 >L_g 0.4 2 0.4 5
MNe1ic? 1422 577 MARETRCRS (5

From (3), (4) and (5) it follows that 0.4 < f(2) < 2.

CURVE SKETCHING

The following checklist is intended as a guide to sketching a curve y = f(x). Not every item is relevant
to every function. (For instance, a given curve might not have an asymptote or possess symmetry.)
But the guidelines provide all the information you need to make a sketch that displays the most
important aspects of the function.

I. Domain It's often useful to start by determining the domain D of f, that is, the set of values of x
for which f(x) is defined.

II. Intercepts The y-intercept is f(0) and this tells us where the curve intersect the y-axis. To find
the x-intercepts, we set y = 0 and solve for x. (You can omit this step if the equation is difficult to
solve.)

III. Symmetry

(a) If f(-x) = f(x) for all x in D, that is, the equation of the curve is unchanged when x is
replaced by -x, then f is an even function and the curve is symmetric about the y-axis. This
means that out work is cut in half. If we know what the curve looks like for x > 0, then we need
only reflect about the y-axis to obtain the complete curve [see Figure (a)]. Here are some
examples : y = x2,y = x4,y = |x|, and y = cos x.
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(b) If f(—x) = —f(x) for all x in D, then fis an odd function and the curve is symmetric about the origin.
Again we can obtain the complete curve if we know what it looks like for x > 0. [Rotate 180° about
the origin; see Figure (b).] Some simple examples of odd functions arey = x, y = x3, y = x>, and

y = sin X.
AY AY
0 \ 0 \ X
(a) Even function : reflectional symmetry (b) Odd function rotational symmetry
Figure

(c) Iff(x + p) = f(x) for all x in D, where p is positive constant, then f is called a periodic function and
the smallest such number p is called the period. For instance, y = sin x has period 2xr and y = tan
x has period =. If we know what the graph looks like in an interval of length p, then we can use
translation to sketch the entire graph (see Figure ).

A
I [ I |
I [ I |
1 | 1 1 >
a-p 0 a a+p a+2p X
Figure Periodic Function : translational symmetry

IV. Asypmtotes

(a) Horizontal Asymptotes. If either}(i_r}; f(x) =L or}iﬁ}o f(x) = L, then the line y = L is a horizontal

asymptote of the curve y = f(x). If it turns out that }(1_{{10 f(x) = o (or — »), then we do not have an

asymptote to the right, but that is still useful information for sketching the curve.
(b) Vertical Asymptotes. The line x = a is a vertical asymptote if at least one of the following
statements is true :

lim f(x) = o

x—a*

lim f(x) = o

X—a

lim f(x) = - o lim f(x) = — o

x—a* x—a~

(For rational functions you can locate the vertical asymptotes by equating the denominator to 0
after canceling any common factors. But for other functions this method does not apply.)
Furthermore, in sketching the curve it is very useful to know exactly which of the statements in
(ii) is true. If f(a) is not defined but a is an endpoint of the domain of f, then you should compute

lim £(x) or im £(x), whether or not this limit is infinite,
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Ex.29 Use the guidelines to sketch the curvey = ————
X

V. Interval of Increase / Decrease Use the I/D Test. Compute f'(x) and find the intervals on which
f'(x) is positive (f is increasing) and the intervals on which f'(x) is negative (f is decreasing).

VI. Local Maximum and Minimum Value Find the critical numbers of f [the number c where
f'(c) = 0 or f'(c) does not exist]. Then use the First Derivative Test. If f' changes from positive
to negative at a critical number c, then f(c) is a local maximum. If f changes from negative to
positive at ¢, then f(c) is a local minimum. Although it is usually preferable to use the First
Derivative Test, you can use the Second Derivative Test if c is a critical number such that
f"(c) # 0. Then f’(c) > 0 implies that f(c) is a local minimum, whereas f’(c) < 0 implies that f(c) is
a local maximum.

VII. Concavity and Points of Inflection Compute f'(x) and use the Concavity Test. The curve is
concave upward where f’(x) > 0 and concave downward where f’(x) < 0. Inflection points occur
where the direction of concavity changes.

VIII. Sketch the Curve Using the information in items A - G, draw the graph. Sketch the asymptotes
as dashed lines, Plot the intercepts, maximum and minimum points, and inflection points. Then
make the curve pass through these points, rising and falling according to E, with concavity
according to G, and approaching the asymptotes. If additional accuracy is desired near any point,
you can compute the value of the derivative there. The tangent indicates the direction in which
the curve proceeds.

2x2
-1

Sol. I Thedomainis{x|x2-120}={x|xzx1}=(-o,-1)u(-1,1) U (1. x)
II. The x-and y-intercepts are both 0.
III. Since f(-x) = f(x), the function f is even. The curve is symmetric about the y-axis.
2

lim =lim — = i =2 i

Iv. 1m 21 x—>tw1—1/x2 2. Therefore, the line y = 2 is a horizontal asymptote.
Since the Denominator is 0 when x = £1, we compute the following limits :

. 2x2 . 2x2 . 2x2 . 2x2
lim 2 = 0, lim 2 = o, lim 2 = -, lim 2 = -
x—-1" x¢ -1 x—>1" x< -1 x—-1" x¢ -1 x—>-1" X -1
Therefore, the lines x = 1 and x = -1 are vertical asymptotes. This information about limits and
asymptotes enables us to draw the preliminary sketch in Figure, showing the parts of the curve
near the aymptotes.
Ax(x* -1)-2x"2x  —4dx

V. f (X) - (XZ _1)2 (XZ _1)2
Since f'(x) > 0 whenx < 0 (x=-1) and f'(x) < 0 when x > 0 when x >0 (x= 1), fisincreasing
on (- o, =1) and (-1, 0) and decreasing on (0, 1) and (1, «).

VI. The only critical number is x = 0. Since f' changes from positive to negative at 0, f(0) = 0 is local
maximum by the First Derivative Test.
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A
—4(x> -1)* —4x.2(x* -1)2x _12x> +4 ! !
VII. f (X) = (XZ _1)4 (XZ _1)3 : :
ER N
Since 12x2 + 4 > 0 for all x, we have Lol !
1 1 S
f'(x)>0 o x2-1>0¢ |[x|>1 ! ! X
and f"(x) < 0 < |x| < 1. Thus, the curve is concave | :
upward on the intervals (- », -1) and (1, ») and | :
concave downward on (-1, 1). It has no point of x=-1 1 x=1
. . . _ . . Figure 2
inflection since 1 and -1 are not in the domain of f. Finished sketch of y = %x
VIII. Using the information in V - VI, we finish the sketch in Figure. x" -1
X2
Ex.30 Sketch the graph of f(x) = T
Sol. I Domain={x|x+1>0}={x|x>-1}=(-1,x)
II. The x- and y-intercepts are both 0.
III. Symmetry : None
X2
IV. Since }(l_)ff(}om = o there is no horizontal asymptote. Since/x+1 — 0 as x —» 1* and f(x) is

V. fi(x) =

VI.

VIL. f'(x) =

2

always positive, we have lim

2xvVx+1-x>1/(2vx+1)  x(3x+4)

x+1 _2(x+1)3/2

X
=% and so the line x = -1 is a vertical asymptote.
x>-1"yx +1 ymp

4
We see that f'(x) = 0 when x = 0 (notice that 3 is not in the domain of f), so the only critical

number is 0. Since f'(x) < 0 when -1 < x < 0 and f'(x) > 0 when x> 0, fis decreasing on (-1, 0) and

increasing on (0, «).

Since f'(0) = 0 and f' changes from negative to positive at 0, f(0) = 0 is a local (and absolute)

minimum by the First Derivative Test.

2(x+1)°2(6x+4) - (3x* +4x)3(x +1)/?  3x* +8x+8
4(x+1)° 4(x+1)%/?

Note that the denominator is always positive. The numerator
is the quadratic 3x2 + 8x + 8, which is always positive because
its discriminant is b2 - 4ac = -32, which is negative, and the
coefficient of x2 is positive. Thus, f’(x) > 0 for all x in the
domain of f, which means that f is concave upward on (-1, «)
and there is no point of inflection.

VIII. The curve is sketched in Figure.

I
|
[uy

Figure

MoTionN:
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Ex.31 Sketch the graph of f(x) = xe*

Sol.

Ex.32
Sol.

I. The domainisR.
II. The x- and y-intercepts are both 0.
III. Symmetry : None
IV. Because both x and e* become large as x — «, we have £1_{{}0 xeX = w, As X - — o, however, eX - 0 and
so we have an indeterminate product that requires the use of L'Hospital’s Rule :
. X 1. X . 1 . X L )
lim xe* = lim —-= lim —— = lim (-e*) =0 Thus, the x-axis is horizontal asymptote.
X—>—0 X—>—0 @ X—>—0 — @ X—>—0
V. f(x) = xeX+ eX = (x + 1)e*. Since eXis always positive, we see that

f(x) >0 whenx +1>0,and f(X) < Owhenx +1 < 0. Sofis

increasing on (-1, «) and decreasing on (- o, —-1). Y1 y =xe"
VI. Because f'(-1) = 0 and f changes from negative to positive at x = -1,

f(-1) = —e~lis a local (and absolute) minimum.
VIIL. f"(x) = (x + 1)eX + eX = (x + 2)eX

Since f"(x) > 0ifx > -2and f"(x) < 0if x < -2, 1T

-1 -2
f is concave upward on (-2, ») and concave downward ; ; S>x
on (- o, - 2). The inflection points in (-2, -2e72).
- . . . -1, -1
VIII. We use this information to sketch the curve in Figure. ( /,e)
Figure
Sketch the graph of the function f(x) = x%/3(6 - x)/3,
You can use the differentiation rules to check
that the first two derivatives are Interval | 4-x | x"° | (6-x)7° | f(x) f
x<0 - + — | decreasing on(—,0)
4-x -8 O<x<4 + + + increasin:
r —_— T AT~ rr = A =4 gon(o’4)
P x!/2(6-x)*% ) x?(6-x)°"° 4<x<6| - + + — | decreasing on (4,6)
6 - - |d i 6,

Since f'(x) = 0 when x = 4 and f/(x) does not L~ * * ecreasing on (6,)
exist when x = 0 or x = 6, the critical numbers are 0, 4 and 6.
To find the local extreme values we use the First Derivative Yo
Test. Since f' changes from negative to positive at 0, A
f(0) = 0 is a local minimum. Since f' changes from positive @, 2%
to negative at 4, f(4) = 253 is a local maximum. The sign of 3T
f’ does not change at 6, so there is no minimum or maximum 21
there. 1
Looking at the expression for f’(x) and noting that x#3 >0 bt —> x
for all X, we have f’(x) < 0 forx < 0 and for 0 < x < 6 and 0 1.2 3 45 7
f’(x) > 0 for x > 6. So f is concave downward on (-, 0)
and (0, 6) and concave upward on (6, ©), and the only
inflection point is (6, 0). The graph is sketched in Figure. y=x"(6-x)"

Note that the curve has vertical tangents at (0, 0) and
(6, 0) because |[f'(X)] > was x — 0 and as x — 6.

Figure
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Ex.33 Plot the following curves :

3 2 X

X X B
(@)y=—75-— +2x+6 () v="7x () y=x/nx
tnx _ X+1 Ix| Il - 1
3 2
Sol. (@) Wehave vy-= 3 2 + 2x + 6 whose domain is x € R, and

y=x2-3x+2=(x-1)(x-2)>0V X e (-0, 1) U (2, ©)

<0vxe(l1,2) Y4
= y strictly increases in (-, 1) A
strictly decreases in (1, 2) ; strictly increases in (2, «) 5
B

N h =2-34246-2 y2)=2 61a16=2

ow we avey()—3 5 6,y()—3 =73
y (=) =0, Y(oe) = o Ao T 3 g
The curve cuts the Y-axis at (0, 6). A=(1,41/6)
The cure cuts the -ve X-axis somewhere between -1and -2, since B =(2, 20/3)

-1 3 -8 12 ) )
y(-1) = 3 5" 2+6>0andy (—2)=?—? - 44+6<0. The plot of the curve is shown along side.
X

(b) We havey = mx Whose domain is x € (0, ) ~ {1}, and

YA
/nx-1

y' = n? x <0Vvxe(0,1)u(l,e)

>0V Xe (e, ») €
= vy strictly decreases in (0, 1) u (1, e) ; strictly increases in (e, »)

lim = > X
-/ = = e

Now, we have "L nx O,y(e)=e 0 1
lim -~ lim X
-0 mx P xosrmx -

. X (oo . 1
lim —(—] = xlmvll_x =%  The plot of the curve is shown alongside.
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(c) We have vy = x ¢n x whose domain is x € (0, ), and

YA
y =1/ x<0VvVxe (0, el
>0V xe (el o)
= vy strictly decreases in (0, e1) ; strictly increases in (e™1, «).
lim x 2n x = lim 20X 22 jim L/
Now, we have x—0* B x—0" 1/ X \ o0 B x—0" 1/ X2 =0
1/e -
1 1 X
limx /nx =o0,y(e™?)=— —1le
X—>00 e

The curve cuts the X-axis at (1, 0). The plot of the curve is shown above.

/nx
(d) We have vy = S whose domain is x € (0, »), and Y

A

1 inx ef—>T—
y,= X2 >0VX€(0,€)

0 1 e *X
<0VXe(e o)

= y strictly increases in (0, e); strictly decreases in (e, «).

. InX( o . 1/x . /nx 1
Now, we have “m—[_j = lim 4 =0 )['[)TJOT—OO,V(G) ~a

X—wo X o0 X—0

The curve cuts the X-axis at (1, 0). The plot of the curve is shown above.
X+1
(e) We havey = m whose domainis x e R ~ {1.7%}, and

, (xX* -8x+7)-(2x-8)(x+1) —(x*+2x-15) —(X+5)(x-3) —ve
vE (x -1 (x=7)° -7 T (=D (x =7 -5 3

v

= vy strictly decreases in (-, -5)
strictly increases in (-5, 1) u (1, 3) ; strictly decreases in (3, 7) u (7, ©)

-1 -4 -1

4
Now, we have y(3) = 15y Tiy= 5+ ¥(-5) = (Tg)(C12) 18

X +1 . X+1 Y
im —=o, lim ——=—
x-1 (X =D(X=7) x-1 (X =D(X=7)

X+1 i X+1 } X

>
>

||m m =—o0, lIMm ( 1)( 7) = o0 —+ -1(0 1 7
x—=7" (X — X - Xx=>7" (X — X -
B A A=(3, —1/2)
B=(-5, —1/18)
i X+1 i X+1 0

im =0, Im-————=
x—n (X =1 (X —7) x—n (X =) (X = 7)
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The curve cuts the Y-axis at (0, 1/7). The curve cuts the X-axis at (-1, 0). The plot of the curve
is shown below.

Y

A

1/2
1
(f) Wehave 2K |y| +2K-1=1je. |y|] =2 - >

The curve is symmetrical about the X-axis as well as 0
the Y-axis. In the first quadrant the equation of the

1
curve reducestoy = 27X - —

1
A
2 }/\
whose plot is shown above. /1 »X

The complete curve is drawn by taking the mirror image
of the above shown curve in the X-axis and the Y-axis -1/2
as shown alongside.

Ex.34 Sketch a possible graph of a function f that satisfies the following conditions :
(i) f(x)>0o0on(-xo, 1), f(x) <0n (1, ©)
(ii) f"(x) > 0 on (-, =2) and (2, »), f'(x) < 0on (-2, 2)

(i) Im f(x) = - 2,1im f(x) = 0 Ay

Sol. Condition (i) tells us that f is increasing on (- «, 1) and

decreasing on (1, «). Condition (ii) says that f is concave /k_
-2 / .

upward on (-, -2) and (2, «), and concave downward on

S 0] 1 2 x>
(=2, 2). From condition (iii) we know that the graph of f /

has two horizontal e

asymptotes: y = -2andy = 0. )
Figure

We first draw the horizontal asymptote y = -2 as a dashed line (see Figure). We then draw the graph
of f approaching this asymptote at the far left, increasing to its maximum point at x = 1 and decreasing
toward the x-axis at the far right. We also make sure that the graph has inflection points when x = -2
and 2. Notice that we made the curve bend upward for x < -2 and x > 2. and bend downward when x
is between -2 and 2.
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